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Abstract
In the space of summable sequences we give an example of a one-dimensional afﬁne subspace C such that
the best Lp-approximations of 0 from C fail to converge as p ↓ 1. We thus give an answer to this problem
of convergence in inﬁnite measure spaces.
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1. Introduction
Let (,A, ) be a measure space. We denote by Lp = Lp(,A, ), p1, the class of A-
measurable real functions u :  → R with ‖u‖pp =
∫
 |u|p d < +∞. Let C be a closed, convex
subset of L1 and f be a ﬁxed function in L1\C. Assume now (,A, ) is a ﬁnite measure space
and the following conditions:
(i) f ∈⋃p>1 Lp;
(ii) the set of all best L1-approximations of f from C is nonvoid and contained in
⋃
p>1 Lp.
Then, forp > 1 and close enough to 1, there exists a unique bestLp-approximationhp of f from C.
Under these assumptions, a well-known theorem of Landers and Rogge [2] states that hp → g0 in
theL1-normasp → 1,whereg0 is a bestL1-approximation of f fromC,which they call thenatural
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best L1-approximation. Also, g0 satisﬁes
∫
 |f − g0| ln |f − g0| d <
∫
 |f − g| ln |f − g| d
for every best L1-approximation g of f from C, g 	= g0.
The above question can be formulated in other contexts; for instance, when (,A, ) is an
inﬁnite measure space, L1 ⊂ Lp for each p > 1 and C is a ﬁnite-dimensional afﬁne subspace.
The typical example of such a space is (N,A, ), where N is the set of positive integers,A is the
class of all subsets ofN and  is the counting measure. In this case it is proved in [1] that the above
theorem holds whenever
∫
N |v| ln |v| d > −∞ for every v ∈ C. In this paper we prove that this
restriction on C is essential (though not necessary) for the theorem to hold. Indeed, here we show
an example of a one-dimensional afﬁne subspace C such that hp, the best Lp-approximation of
0 from C, oscillates as p → 1. The proof is based on an elementary but nontrivial exercise of
numerical series. We thus give, to the best of our knowledge, the ﬁrst (negative) answer to this
question of convergence in inﬁnite measure spaces.
2. The problem setting
Let L1 be the set of all summable sequences. To deﬁne C, ﬁx
v = (a1, b1, a2, b2, . . . , an, bn, . . .)
with the property that
∑∞
n=1 an =
∑∞
n=1 bn = 1 and an, bn > 0 for each n. Then
C := {g0 + v,  ∈ R} ⊂ L1\{0}
is a one-dimensional afﬁne subspace, where
g0 = (a1,−b1, a2,−b2, . . . , an,−bn, . . .).
We have
‖g0 + v‖1 = | + 1| + | − 1|.
It is therefore easy to see that g0 + v, with any  ∈ [−1, 1], is a best L1-approximation of 0
from C. To ﬁnd the best Lp-approximation g0 + pv for every p > 1 we use the well-known
characterization formula (see, for instance, [3, p. 56])
∞∑
n=1
an|an+p an|p−1sgn (an+p an)+
∞∑
n=1
bn|−bn+p bn|p−1sgn (−bn+p bn) = 0.
Thus, −1 < p < 1 and
1 − p
1 + p =
(∑∞
n=1 a
p
n∑∞
n=1 b
p
n
) 1
p−1
= (1 + p)
1
p
p
p−1 ,
where p :=
∑∞
n=1 a
p
n −∑∞n=1 bpn∑∞
n=1 b
p
n
→ 0 as p → 1. On the other hand,
p
p − 1 =
1
p − 1
∑∞
n=1(a
p
n − an) −∑∞n=1(bpn − bn)∑∞
n=1 b
p
n
= Ap − Bp∑∞
n=1 b
p
n
,
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where
Ap :=
∞∑
n=1
a
p
n − an
p − 1 =
∞∑
n=1
a
qn,p
n ln an, Bp :=
∞∑
n=1
b
p
n − bn
p − 1 =
∞∑
n=1
b
q ′n,p
n ln bn,
and 1 < qn,p, q ′n,p < p. Since a
p−a
p−1 ↓ a ln a as p → 1 for each a ∈ (0, 1), we deduce that
Ap ↓∑∞n=1 an ln an and Bp ↓∑∞n=1 bn ln bn as p → 1.
Taking p → 1, and using that (1 + p)
1
p → e, we conclude that 1−p1+p , and hence p as well,
oscillates if and only if Ap − Bp does.
Given a convergent series
∑∞
n=1 an for which Ap ↓ −∞ as p → 1, we will construct another
series
∑∞
n=1 bn such that
∑∞
n=1 bn =
∑∞
n=1 an, Bp ↓ −∞ and lim sup(Ap − Bp) = +∞,
lim inf(Ap − Bp) = −∞ as p → 1. This is the purpose of the following section. Hence, in this
case lim sup p = 1 and lim inf p = −1 as p → 1. The counterexample is therefore obtained.
3. The proof
Suppose
∑∞
n=1 an = 1, an > 0 for each n ∈ N, and
∑∞
n=1 an ln an = −∞. For every p > 1
consider the series
∑∞
n=1
a
p
n −an
(p−1)Ap = 1. Since Ap ↓ −∞ as p → 1 and a
qn,p
n ln an is bounded,
observe that
a
p
n − an
(p − 1)Ap =
a
qn,p
n ln an
Ap
→ 0 uniformly in n as p → 1. (1)
This fact allows us to apply the following recurrent procedure. Given 1 < p1 < 2, we pick m1
such that
∑∞
n=1+m1(a
p1
n − an)
(p1 − 1)Ap1
 1
2
.
For j2, once mj−1 is ﬁxed we ﬁrst get pj and then mj in such a way that
∑mj−1
n=1 (a
pj
n − an)
(pj − 1)Apj
= 1
2j
and
∑∞
n=1+mj (a
pj
n − an)
(pj − 1)Apj
 1
2j
. (2)
Thus, pj ↓ 1 and mj ↑ ∞ as j → ∞. We have
1
∑mj
n=1+mj−1(a
pj
n − an)
(pj − 1)Apj
1 − 1
2j−1
. (3)
From (1) and the second inequality in (3) it follows that (mj − mj−1) → +∞ as j → ∞.
For an odd j = 2k + 13 let
nj := min
⎧⎨
⎩j ∈ (mj−1,mj + 1) ∩ N :
∑j
n=1+mj−1(a
pj
n − an)
(pj − 1)Apj
 2
3
⎫⎬
⎭ .
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Then mj−1 < nj < mj + 1 and applying (1) we get
∑nj
n=1+mj−1(a
pj
n − an)
(pj − 1)Apj
→ 2
3
as k → ∞ and j = 2k + 1. (4)
Analogously, for an even j = 2k4 we can take mj−1 < nj < mj + 1 such that
∑nj
n=1+mj−1(a
pj
n − an)
(pj − 1)Apj
→ 1
3
as k → ∞ and j = 2k. (5)
Then (3) implies
∑mj
n=1+nj (a
pj
n − an)
(pj − 1)Apj
→ 1
3
as k → ∞ and j = 2k + 1 (6)
and ∑mj
n=1+nj (a
pj
n − an)
(pj − 1)Apj
→ 2
3
as k → ∞ and j = 2k. (7)
We next modify the sequence a1, a2, . . . in order to obtain another sequence b1, b2, . . . with the
following properties:
(a) bn > 0 for each n,
∑∞
n=1 bn = 1 and
∑∞
n=1 bn ln bn = −∞.
(b) lim sup(Ap − Bp) = +∞ and lim inf(Ap − Bp) = −∞ as p → 1.
Pick an integer j02 such that
mj∑
n=2
an + 2
∞∑
n=mj+1
an < 1 for any jj0. (8)
We are now in a position to construct {bn}. Let c1 = 32 and c2 = 12 . For n > mj0 deﬁne bn = c1an
for mj−1 < nnj and bn = c2an for nj < nmj , j = j0 + 1, j0 + 2, . . . . Take bn = an for
2nmj0 . From (8),
∑∞
n=2 bn < 1. Then it is clear that we can choose b1 > 0 in such a way
that (a) holds.
For j, n2 let
dn,j := b
pj
n − bn
a
pj
n − an
.
Thus, dn,j = 1 for any j and nmj0 . Let 0 < c < 2. We have
(c an)
pj − c an
a
pj
n − an
= (c an)
pj − c apjn + c apjn − c an
a
pj
n − an
= c
(
1 + apjn c
pj−1 − 1
a
pj
n − an
)
= c
(
1 + apjn c
qj ln c
a
qn,j
n ln an
)
,
where 0 < qj < pj − 1, and 1 < qn,j < pj . Therefore {dn,j } is bounded. Moreover, dn,j → c1
uniformly in n ∈ (mj−1, nj ] ∩ N as j → ∞, and dn,j → c2 uniformly in n ∈ (nj ,mj ] ∩ N as
M. Marano, J.M. Quesada / Journal of Approximation Theory 144 (2007) 233–237 237
j → ∞. From (2) it follows that
∑mj−1
n=1 (b
pj
n − bn)
(pj − 1)Apj
= b
pj
1 − b1
(pj − 1)Apj
+
∑mj−1
n=2 dn,j (a
pj
n − an)
(pj − 1)Apj
→ 0 as j → ∞
and ∑∞
n=1+mj (b
pj
n − bn)
(pj − 1)Apj
=
∑∞
n=1+mj dn,j (a
pj
n − an)
(pj − 1)Apj
→ 0 as j → ∞.
From (4) and (6) it follows for j = 2k + 1 that
∑mj
n=1+mj−1(b
pj
n − bn)
(pj − 1)Apj
=
∑mj
n=1+mj−1 dn,j (a
pj
n − an)
(pj − 1)Apj
→ 2
3
c1 + 13c2 =
7
6
as k → ∞.
Finally, from (5) and (7) it follows for j = 2k that
∑mj
n=1+mj−1(b
pj
n − bn)
(pj − 1)Apj
=
∑mj
n=1+mj−1 dn,j (a
pj
n − an)
(pj − 1)Apj
→ 1
3
c1 + 23c2 =
5
6
as k → ∞.
Therefore lim sup
Bp
Ap
 76 and lim inf
Bp
Ap
 56 as p → 1. Writing Ap − Bp = Ap
(
1 − Bp
Ap
)
and applying that Ap ↓ −∞ as p → 1, we conclude that (b) holds as well.
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